We consider a superconductor with surface suppression of the BCS pairing constant λ(x). We analytically find the gap in the surface density of states (DOS), behavior of the DOS ν(E) above the gap, a "vertical" peculiarity of the DOS around energy equal to the bulk order parameter ∆0, and perturbative correction to the DOS at higher energies. The surface gap in the DOS is parametrically different from the surface value of the order parameter due to difference between the spatial scale rc, at which λ(x) is suppressed, and coherence length. The vertical peculiarity implies infinitederivative inflection point of the DOS curve at E = ∆0 with square-root behavior as E deviates from ∆0. The coefficients of this dependence are different at E < ∆0 and E > ∆0, so the peculiarity is asymmetric. :1910.11275v1 [cond-mat.supr-con] 
I. INTRODUCTION
In a conventional s-wave superconductor, a surface by itself does not cause pair breaking. Theoretically, if a surface simply defines geometry of a sample, the order parameter and the density of states (DOS) do not vary in space, i.e., the bulk solution is valid everywhere inside the superconductor and is not distorted by the surface [1] .
At the same time, in realistic samples, surface can be imperfect in the sense that it influences superconductivity due to additional effects such as thin oxide layers, absorbed impurities, deviations from stoichiometry, etc. [2, 3] . Surface properties can also be manipulated on purpose by chemical treatment or by irradiation [4] . Theoretical description of those effects is complicated and definitely non-universal. In order to model suppression of superconductivity near the surface, one can assume surface suppression of the BCS pairing constant λ(r) [5] [6] [7] [8] . Microscopically, this effect can be due to changes in lattice properties (i.e., phonons) or in electron-phonon interaction in the vicinity of an imperfect surface.
In this paper, we study the surface DOS in a diffusive superconductor with the pairing constant λ(r) varying near the surface. The surface DOS can be directly probed by scanning tunneling spectroscopy and also directly influences the surface impedance (in particular, its real part, the surface resistance) [1, 7, 8] .
A complementary problem of the DOS in superconductors with random λ(r) has been studied before by Larkin and Ovchinnikov [9] and in subsequent publications [10, 11] . In contrast, similarly to Gurevich and Kubo [7] , we assume deterministic form of the λ(r) dependence, see Fig. 1 . In Ref. [7] , the analytical approach to calculating the DOS in the model of Fig. 1 was formulated and numerical results for the surface DOS were presented. In this paper, we mainly focus on analytical results for the surface DOS. In particular, we analyze the suppression of the gap edge E g (with respect to the bulk value of the order parameter ∆ 0 ) and behavior of the DOS above E g . We also demonstrate peculiar DOS behavior in the vicinity of E = ∆ 0 .
The paper is organized as follows. In Sec. II, we formulate equations of the self-consistent quasiclassical theory in the diffusive limit. In Sec. III, we recall how selfconsistency for the order parameter is taken into account in the case of small disturbance of λ(r). In Sec. IV, we analyze the perturbative regime of energies E > ∆ 0 . The bulk value is denoted λ0. The surface suppression takes place near the surface, at x ∼ rc. The same model was considered in Refs. [5] [6] [7] .
In Sec. V, we consider the nonperturbative regime of E ∼ ∆ 0 ; this section contains our main results for the gap E g and behavior of the DOS at E ≈ E g and E ≈ ∆ 0 . In Sec. VI, we illustrate and discuss our results. In Sec. VII, we present our conclusions. Finally, some details of calculations are presented in Appendices.
Throughout the paper, we employ the units with k B = = 1.
II. GENERAL EQUATIONS
In order to calculate the DOS in a diffusive inhomogeneous superconductor, we employ the quasiclassical approach [12, 13] . With the help of the standard θ parameterization, we can write the normal and anomalous Green functions as G = cos θ and F = sin θ, respectively. The coupled system of the Usadel equation [12] and the self-consistency equation can then be written as
Here D is the diffusion constant, T is temperature, ω n = πT (2n + 1) is the Matsubara frequency, and ∆ is the superconducting order parameter. We shall consider a superconductor with flat surface, so that all quantities depend only on x, the coordinate along the normal to the surface (the superconductor occupies the x > 0 half-space). To complete the system of equations, we must take into account the boundary condition at the surface, ∂θ/∂x x=0 = 0.
(3)
Our model of the surface suppression of superconductivity is defined by the form of the λ(x) dependence (similarly to Ref. [7] ). At x → ∞, the pairing constant λ(x) tends to its bulk value λ 0 , while we assume it to vary near the surface at some characteristic length scale r c , see Fig. 1 .
The DOS at each point (normalized to the normalmetallic value ν 0 ) can be calculated from the normal Green function after analytical continuation to real energies E:
The DOS in our problem is an even function of energy, so below we discuss only E > 0. One could reformulate Eqs. (1)-(3) in the real-energy representation from the very beginning. However, we prefer to start from the Matsubara representation since it is convenient for treating the self-consistency equation (2) (no singularities in the anomalous Green function under the sum) and switch to real E only in the end of calculation, according to Eq. (4).
The solution of the system of Eqs. (1)-(3) is inhomogeneous only because of the λ(x) dependence. In the case of λ(x) ≡ λ 0 , the bulk solution would be valid everywhere in the superconductor up to the surface. This bulk solution yields
and Eq. 4 then immediately produces the BCS DOS
III. SELF-CONSISTENT PERTURBATION THEORY
Small spatially-dependent inhomogeneities in λ(r) generate small inhomogeneities in ∆(r) and θ(ω n , r):
Expanding the Usadel equation (1) with respect to small inhomogeneities, we find
and the self-consistency equation (2) yields [9, 11] 
(the combination |λ 1 |/λ 2 0 naturally arises as variation of 1/λ). Here L 0 (k) is the static propagator of superconducting fluctuations, see Eq. (A1) in Appendix A for definition. This function is real (positive) and even. Behavior of L 0 (k) in some limiting cases is considered in Appendix A.
A given form of λ(k) thus directly determines ∆ 1 (k) according to the general relation (11) . Although the characteristic scale for L 0 (k) is inverse coherence length, at this scale the decay law only changes to a very slow 1/ ln(k 2 ) form [9] . This decay law cannot lead to convergence of integration when we transform Eq. (11) to the coordinate space, so the characteristic scale for ∆ 1 (x) is eventually the same as for λ 1 (x), i.e., is given by r c [9] .
It is most convenient to treat relation (11) in the framework of the Matsubara technique [summation over the Matsubara frequencies is contained in the expression for L 0 (k)]. The correction to the Green functions [encoded in the correction to the spectral angle θ 1 (ω n , k)] is then immediately given by Eq. (10) . Finally, we need to calculate the DOS according to Eq. (4). This final step must be done at real energies, so there will be a problem at E ≈ ∆ 0 due to the BCS singularity in the unperturbed Green functions. The above perturbative approach therefore works only at E above (and not too close to) ∆ 0 .
IV. DOS: PERTURBATIVE REGIME, E > ∆0
The perturbation theory, Eqs. (10)-(11), immediately produces
for deviation of the DOS from the BCS result, Eq. (6). The given function λ 1 (x) is real and defined at x > 0. We can symmetrically continue it to the whole axis obtaining an even function. The Fourier transform can then be written as λ 1 (k) = dx cos(kx)λ 1 (x); it is also real and even. Then we find the result for the DOS:
The integral dke ikx (. . . ) can be written as dk cos(kx)(. . . ), and the result is manifestly zero at E < ∆ 0 . Of course, the actual local DOS in the inhomogeneous case can be finite at E < ∆ 0 , however, this region is "nonperturbative" from the point of view of our straightforward perturbation theory. This approach only works well at E > ∆ 0 (not too close to ∆ 0 ).
The general perturbative result (13) simplifies considerably if λ 1 (k) is a decaying function with small characteristic scale so that the integral in Eq. (13) converges at this scale. Physically, this means that λ(x) varies slow enough, so that the DOS in this case has the BCS form corresponding to the local value of ∆(x) [9] . Equation (13) then yields
and the same result is obtained directly by varying the BCS expression (6) taking into account Eq. (11) . At zero temperature, L 0 (0) = 1, and at E > ∆ 0 we obtain
The same result is obtained directly by varying the BCS expression (6) taking into account the BCS relation ∆ 0 = 2ω D e −1/λ0 at T = 0 (here ω D is the Debye frequency). From now on, we shall consider the case of T = 0, in order to maximize characteristic energy scales related to superconductivity.
The coherence length 
The physical picture beyond the perturbative results (14) and (15) is that the DOS adiabatically follows variations of ∆(x) and has the BCS form corresponding to the local value of the order parameter. This result is valid if r c exceeds both ξ 0 and ξ E [slow λ(x) function] and reproduces the result for the case of inhomogeneities of large size, obtained by Larkin and Ovchinnikov [9] .
The calculated DOS at E > ∆ 0 is valid at any x, in particular, at the surface. However, the perturbative results (14) and (15) become invalid at E → ∆ 0 due to divergence in the denominators (and breakdown of the requirement r c > ξ E ).
At the same time, we are mainly interested in calculating the surface DOS near ∆ 0 and below. In particular, we want to find the shift of the spectrum edge due to inhomogeneity. This region of energies is nonperturbative and should be treated differently.
V. DOS: NONPERTURBATIVE REGIME, E ∼ ∆0
Now we assume short-range variation of the pairing constant, so that
We substitute θ = π/2 + iψ (this is convenient for finding the energy gap since ψ is real below the gap). Introducing dimensionless energy, order parameter (its inhomogeneous part), and coordinate according to
we rewrite the Usadel equation (1) in the real-energy representation as
where
Here ψ 0 is the bulk solution [the real-energy counterpart of Eq. (5)]. Note that in terms of κ, the energydependent coherence length (17) can be written as ξ E = ξ 0 /|κ|. At ε ∼ 1, we have either |κ| < 1 or |κ| ∼ 1. The characteristic spatial scale for ψ(X), which is determined by |κ| −1 , is then much larger than r c /ξ 0 , the characteristic spatial scale for δ 1 (X). The right-hand side (r.h.s.) of Eq. (20) therefore acts as a delta function and can be taken into account as an effective boundary condition [6, 7] . For that, we integrate (20) from 0 to X 0 , such that r c /ξ 0 X 0 |κ| −1 . This scale is small for ψ(X) and large for δ 1 (X). As a result, we obtain the following effective problem [14]:
Since |δ 1 (X)| does not exceed unity and the characteristic scale of integration in Eq. (24) is set by r c /ξ 0 , due to condition (18) we have
Expressing d 1 in terms of λ 1 with the help of Eq. (11) and taking into account condition (18), we find
Equation (22) is solved by
where a should be determined from the boundary condition (23):
. This equation was derived in Ref. [6] and (in different notations) in Ref. [7] . Finally, the DOS (4) is given by
In the following, we analyze the DOS assuming that ε is close to 1, so that
where the applicability conditions are formulated in terms of the input parameters of our model). We can then replace the square root in the numerator of Eq. (28) by 1, obtaining the simplified equation
A. Energy gap Eg
Below the gap (at E < E g ), the DOS (29) is equal to zero, which leads to the condition that ψ is real. The form of solution (27) then implies that a is real and |a| < 1. Behavior of the r.h.s. of Eq. (31) in this range of a is shown in Fig. 2 .
The case we are interested in (suppression of ∆ near the surface) corresponds to d 1 > 0 (while κ is real and positive near the gap). Equation (31) then yields two solutions for a at large enough κ. They merge and disappear as κ decreases to κ g = (3 1/2 /2 1/3 )d 1/3 1 , which determines the dimensionless gap ε g . The gap value is then given by
which means that the gap in the surface DOS is suppressed in comparison with the bulk value of the order parameter. Assumption (30) implies that d 1 1. We can interpret the obtained result as follows. The spatial scale for the Green function is ξ E = ξ 0 /|κ|, so from the point of view of the spectral gap, information about suppression of ∆(x) is gathered on this scale. At the same time, ∆(x) itself is suppressed on much smaller scale of r c . Therefore, the effect of ∆ suppression on the gap value will be weakened accordingly:
In the dimensionless units, this is written as
Taking into account Eq. (30), we then find κ 3 g ∼ d 1 , in agreement with Eq. (31) and hence with Eq. (32).
Note that the r.h.s. of Eq. (33) can be estimated as |∆ 1 (0)|r c /ξ E , which is much smaller than |∆ 1 (0)|. This implies that the surface suppression of the gap edge [the l.h.s. of Eq. (33)] is much smaller then the surface suppression of the order parameter.
B. DOS near Eg
According to Eq. (32), deviation of E g from ∆ 0 in dimensionless units is given by
We want to calculate how finite DOS appears immediately above E g . For that we define dimensionless deviation of E from E g ,
and consider γ. In this case
Above the gap (at > 0, i.e., at κ < κ g ), there are no real solutions of Eq. (31) for a (on the physical branch depicted in Fig. 2) , and at γ we find the following complex solution (the sign is chosen so that the DOS is positive):
This leads to ψ(ε, X) ≈ ψ 0 (ε g )+4 arctanh(a g e −κgX )+ 4(a − a g )e −κgX 1 − a 2 g e −2κgX (39) and
where we have employed the fact that Re ψ 1 due to ε ≈ 1 [ψ 0 (ε g ) in Eq. (39) is large in this case]. At x = 0, the expression for the DOS simplifies to
The square-root dependence of the DOS near the spectral edge is characteristic for the mean-field problem of superconductor with weak magnetic impurities, considered by Abrikosov and Gor'kov (AG) [15] , and various other problems that can be mapped onto it. In terms of the AG pair-breaking parameter η = 1/τ s ∆ 0 (where τ s is the spin-flip scattering time), in the limit of η 1, the AG result [15] for the energy gap corresponds to γ AG = 3η 2/3 /2, while relation between ν( ) and γ has the form
Interestingly, our Eq. (41) differs from this relation by a factor of √ 6.
C. DOS near ∆0
E = ∆0
At E → ∆ 0 , the parameter κ 3 /d 1 in Eq. (31) tends to zero, so a → −1. In order to calculate the DOS at E = ∆ 0 , we have to keep the correction to this solution. This can be done perturbatively:
which immediately yields α = (−1) 1/3 · 2κ/d 1/3 1 . There are three possible values of (−1) 1/3 . The real one, −1, leads to zero DOS. The complex one producing the positive DOS is
With the help of the identity
the solution (27) at x = 0 can be written as Next, we want to find ν(E) when E slightly deviates from ∆ 0 . For that, the main-order result (44) in the solution (43) is not sufficient, and we have to calculate α to higher orders with respect to κ (that encodes deviation of E from ∆ 0 ; note that κ is real at E < ∆ 0 and complex at E > ∆ 0 ). Introducing for brevitỹ
we rewrite Eq. (31) as
Its solution at smallκ is expanded into integer powers of κ, and for our calculation the following precision of the perturbation theory is required: 
The (dimensionless) shift of the spectral edge in the surface DOS corresponds to (1 − ε) = γ [see Eq. (35)], which sets the natural energy scale for our result (53). At (1 − ε) ∼ γ, both terms in Eq. (53) are of the same order and ν(ε, 0)/ν 0 ∼ 1/γ 1/2 . This can be viewed as moving from ∆ 0 towards E g . On the other hand, moving from E g towards ∆ 0 , we can apply Eq. (41), which yields the same estimate for the DOS at ∼ γ. So, the results are consistent and match each other.
VI. DISCUSSION
We illustrate our results in Fig. 3 , which is obtained by solving Eq. (28) numerically. Although Eq. (28) itself can be considered at arbitrary valued of d 1 , it was derived and describes our physical system only at d 1 1. Therefore, in Fig. 3 , we show the DOS only at small values of d 1 .
Equation ( Assuming T = 0 for simplicity, from Eq. (26) we then find the corresponding results for d 1 , Figure 3 demonstrates suppression of the gap E g in the surface DOS in comparison with the bulk gap ∆ 0 ; the suppression grows with increasing d 1 . Above the gap, the DOS grows as E − E g , reaches a maximum at E g < E < ∆ 0 , and then decreases passing through the vertical peculiarity at E = ∆ 0 . At E > ∆ 0 , the DOS rapidly approaches the BCS result.
The vertical peculiarity is asymmetric. Indeed, according to Eq. (53), the square-root deviation of the DOS from its value at E = ∆ 0 has a prefactor that takes different values on the two sides of the peculiarity (on the left, it is √ 3 times larger than on the right).
VII. CONCLUSIONS
We have calculated the surface DOS in a superconductor with relatively weak surface suppression of the BCS pairing constant λ(x). We are mainly interested in the case of short-range λ(x) variation, when its characteristic spatial scale r c is much smaller than the superconducting coherence length. This case can be experimentally relevant if surface imperfections are limited to immediate vicinity of the surface. Our main results are analytic and refer to several regions of the ν(E) dependence.
The gap E g in the surface DOS differs from the surface value of the order parameter, ∆(0). With respect to the bulk value of the order parameter, ∆ 0 , the gap E g is suppressed much weaker than ∆(0) [see Eqs. (32)-(34)]. Suppression of E g with respect to ∆ 0 smears the BCS singularity and hence is somewhat similar to the pair breaking considered by Abrikosov and Gor'kov (AG) [15] .
Similarly to the AG case, ν(E) ∝ E − E g immediately above the gap. At the same time, the exact prefactor, being expressed in terms of the gap-edge shift, differs from the AG result by a numerical factor [see Eqs. (41) and (42)].
At E = ∆ 0 , we find a "vertical" peculiarity of the DOS, which implies infinite-derivative inflection point of the DOS curve. The value of ν at E = ∆ 0 is large [see Eq. (48)] and ν(E) deviates from this value as |E − ∆ 0 | when E deviates from ∆ 0 . The prefactor of this dependence depends on the sign of E − ∆ 0 , so the peculiarity is asymmetric [see Eq. (53)].
At higher energies, E > ∆ 0 , the correction to the DOS is found perturbatively.
(B4)
had to be satisfied. Then Eqs. (B2) and (B3) do not add anything new. The applicability conditions for the results of Sec. V are therefore given by Eqs. (18) and (B4), while condition (25) is their direct consequence.
